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1. Tangent bundles and curvature
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The tangent bundle of the sphere

Sphere S2: prominent example for a differential manifold

Sphere plus tangent planes: tangent bundle TS?

TS?is example for a fiber bundle:
Basis manifold M is S2, fibers are the tangent planes T,S2

Point in TS?%: (pES?, vET,S2, v = Vie, + vZe,)

Vector field: “section” of a fiber bundle
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Parallel transport of vectors on S?

Comparison of different tangent spaces

by parallel transport along a path ‘\

Levi Civita connection
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Covariant derivative

Covariant derivative:

u'D,w =lim—— R t, WC-wq, _

t>tg t —t

ds , ~
u=—
dt (0/

i Wy
D,w=e, €w'+T5w"

'Y, : Connection coefficients

Parallel transport: D,w =0
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Curvature of S2

® Curvature: transport along closed path rotates vector

(holonomy)
* Rotation angle:

Ao = IdQ KQ,(p:

encircled
area

k = Gaussian curvature

1 1
K:K1K2 :R—R—
1 2

® Curvature tensor two-dimensional manifold:

RS, =05 -0,

R'12 = -R'2%21 = -R?%112 = R?%21 =

planes ___normal
of principal " wector
cunatures i ;

tangent
_ plane
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Principal bundle

® For description of parallel transport and curvature: _—
attach rotation group SO(2) at each point, yields
principal bundle (S2,S0(2))=(S?,S1)

* Change of origin (unit operation): gauge
transformation
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2. Fiber bundles
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Fiber bundles

® Consist of a basic differential manifold M

® Ateach point attached: fiber F, which is either copy of a vector
space (“vector bundle”) or of a (gauge) group (“principle
bundle”)

®* Prescriptions for glueing the fibers together e.g. Moebius strip
(SLR)

| 1

M=S?
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Fiber bundles

* Prescription for parallel transport : covariant derivative and ‘
curvature

L . Connection coefficien t matrix
Curvature tensor :

i i i i I i I
Rjuv = aurjv - avrju + rluriv __rlvrju

R :8“£V—8F +F.T

==uv v=p_ L =V —

* Topological quantum numbers, e.g. for 2d tangent bundles:
Euler characteristic:

1 -
x=2—M[d K€,0 =2-29g
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3. Topological quantum numbers
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Euler characteristic

Xg=0
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Euler characteristic

e =# faces + # vertices — # edges
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4. Applications of fiber bundles
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Fiber bundle in cosmology

TM* or €1*,SO¢3", M* spacetime
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Fiber bundle in electrodynamics

Classical relativistic physics:

. no_ E/C H P T T}
e Four momentum : p* = 5 , four velocity :v* =p /m

~ )
e Inelectromagnetic field : v* = 1 €' —qA" A" = {A}
m

Quantum mechanics:

e y e C,ie. section through a € ® RS,C:- bundle
o Parallelism?

h h q h
pH —)Tﬁu, VH = E(au _I%A”J EEDM

Dy =0=y =y, exp{i% Idx“Av}
%/—J\
phase change eUQ

e €®R® U principle bundle

Topology:

e Curvature equals the electromag netic field tensor

F,=0,A, -0A, cp. R =0, -0 +].T

=p =p n=v -
0 -E, -E, -E,]
E, 0O B, -B,
P = E, -B, 0 B,
E, B, -B, 0 |

e Topological quantum number : First Chern number

ch®= é Jdx'dx?F,,

2d closed submanifold
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Magnetic monopole of strength y

e Vector potential and electromag netic field tensor €cting on C
—iA, =0, —iA_ =yicosO, iF, =visinO

=3

oT T =0 |10 =00 0

1 |

<1 en
: S B _
First chern number :ch®-= o f do fde Fo, = 27

. 0 -1 A 0o -1| .
=0, I ={ }cose, R ={1 }sme

Cp.Levi-Civita connection on the sphere in orthonormal basis Gcting on sz

e QRR%U 1:: Electromag netism
e QO®R®U(®SUE ;Electroweak interaction
¢ QOR®SUE Strong interactio n
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5. Topological quantum states

Krakow, 24 April 2015 18/31



The Berry phase

Quantum mechanical ground states dependent on parameter &:|m¢ )

& e M parameter manifold

Example : Spin - 1/2 — particle in magnetic field of fixed strength, but
arbitrary orientaton:M=S?, ¢ = @, _

Im¢ Yis determined up to a phase factor ", system is principle bundle &1,Uq]
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The Berry phase

Adiabatic motion and energy gap :
particles remain in instantane ous state |[m¢€ )

Circular motion : phase change, holonomy

Covariant derivative D, =0, —iA with
Berry connection A, =i(m|3,m)

Berry curvature  F, =i @um‘avm>—<a m|a,m)

First chern number for 2d parameter space

- 1
Can 1 2
ch®™§ = o I\hfdx dx“F,,

Example spin -1/2 - particle :

-iA, =0, -iA, = i%cose, iFy, = i%sine, ch®=1
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The Quantum Hall Effect (von Klitzing 1980)

ko b
kQ _ Pxy

10-

conductivity A

e 2d crystal in magnetic field
d Ey = pyxjx jx = nyEy
1 h e’

[ ] pyx:__z ny:_n

y magmetic field
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The Quantum Hall Effect

~ - ~
e Wave functions labelled by wavevector k = €.k, ; ‘u() Insulator n=0
- - N (a)
e Wavevector space is also periodic :k e R?mod €K, =T° ST
e Principle bundle € 2,U(:: Ouantum bl _
State n=1

Hasan MZ, Kane CL 2010 RMP 82, 3045

e Kubo transport formula for Hall conductivity :

A )
Yz e 1 2 .
Ki KeT? Oy =1 > o jd k i u|d,u)—(0,ulou)
ggﬁggled Torus Berry curvature Fio

2
e q\ 2 By |
. ny:— ZCh ’t ,U‘//
occupied
bands

v

~
n
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6. Basics for general topological classification
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Search for topological insulators

Insulator : described by a mapping

: T > H
s T
kK »HE

H? Set of Bloch - Hamiltonia ns with gap.

Setn (’d,H:of topologically different mappings?

Procedure : Replace H by an equivalent

mathematic ally known standard space K such that

\

n€H =n€ K

4
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Topological classification of insulators 1

e First step : diagonalize Bloch - Hamilton matrices :

~
HE =

E
NS

~ ~
(rH€|s) > |i)]]) eigenstates ofH(/

(H€ ) = (i) HE s)(s]) = U HE Y -
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Topological classification of insulators 2

e Second step : deform band structure without closing gap
~ ~
sj()—) +1, s{()—) -1

[ +1

[P
-~
\ 7/
I
<
1l
I
19
3
c
T
m
7~
+
=

e Kis"Orbit" of D™ under the action of the group Un + n
e Fixpoint group of D™ : U RUG _
+ SeUe UG ¢sD ¢S -uDiy 1

e K isisomorphic to the "Grassmannian" coset space
Grnm C =U@+n UG BUG

e Topological quantum numbers for isolators :
n€‘.G,,. . C =Z ford=23
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The spin quantum Hall effect

e Restriction on the base manifold by time reversal symmetry :k = -k
e New base manifold T¢/ =
¢ New classifica tion by

ve n€?/=.G,, . C =Z,= §1,H=23
e HgTe/CdTe quantum well structures in 2d
e Spin polarized edge currents
e Bi Sb,,Bi,S,,Bi,Te, in 3d, surface currents

E Conduction Band

Conventional v=0
Insulator

f (@) b)

“ / — =
K=—KeT? ‘uf\T

Quantum spin
> Hall insulator v=1

Valenc? Band

—mt/a 0 k -m/a
Hasan MZ, Kane CL 2010 RMP 82, 3045

K,
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/. Summary
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Summary

® Up to 1980: Quantum numbers based on symmetry
* Easy to break, lift of degeneracies

® Since 1980: Topological quantum numbers

* New states of quantum matter

®* Robust
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The End
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